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Abstract
The LHCb collaboration has recently reported evidence for non-zero CP asymmetries in B+
decays into pi+K+K−, pi+pi+pi−, K+K+K− and K+pi+pi−. The branching ratios for these decays
have also been measured with different values ranging from 5× 10−6 to 51× 10−6. If flavor SU(3)
symmetry is a good symmetry for B decays, in the case that the dominant amplitude is momentum
independent it is expected that branching ratios Br and CP violating rate differences ∆CP = Γ−Γ
satisfy, Br(pi+pi+pi−) = 2Br(pi+K+K−), Br(K+K+K−) = 2Br(K+pi+pi−), and ∆CP (pi+pi+pi−) =
2∆CP (pi
+K+K−) = −∆CP (K+K+K−) = −2∆CP (K+pi+pi−). The experimental data do not
exhibit the expected pattern for the branching ratios. The rate differences for B+ → pi+pi+pi−
and B+ → K+K+K− satisfy the relation between ∆S = 0 and ∆S = 1 well, but the other two
do not, with the CP asymmetries having different signs than expected. In this work we study
how to including momentum dependent and also SU(3) breaking effects on these decays to explain
experimental data. We find that only including lowest order derivative terms, in the SU(3) limit,
the decay patterns cannot be explained. Large SU(3) breaking effects are needed to explain the
data.
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I. INTRODUCTION
Decays involving a heavy b-quark have been a subject of very active research in the past
decade and continue to be so at present. Data on B decays from SLAC and KEK B-factory
experiments BaBar and Belle provided much information about standard model (SM), in
particular in confirming SM predictions for CP violation based on Kobayashi-Maskawa (KM)
mechanism [1]. Data from Tevatron confirmed many of the B-factory measurements. The
LHCb experiment also started to provide interesting data about B decays after the suc-
cessful running of LHC. The LHCb collaboration has recently reported evidences for CP
asymmetries in B+ decays into π+π+π−, π+K+K−, K+π+π−, and K+K+K−. We will refer
to these decays as charged 3-body B+ decays.
The CP asymmetries measured for the two ∆S = 1, K+π+π− and K+K+K− final states
are [2]
ACP (K
+π+π−) = +0.032± 0.008(stat)± 0.004(syst)± 0.007(J/ψK+) ,
ACP (K
+K+K−) = −0.043± 0.009(stat)± 0.003(syst)± 0.007(J/ψK+) , (1.1)
which are 2.8σ and 3.7σ away from zero, respectively. Recently BaBar collaboration also
reported their measurement [3] of ACP (K
+K+K−) = −0.017+0.019−0.014±0.014 which is consistent
with the LHCb result within 1.1σ.
The other two CP asymmetries are given by [4]
ACP (π
+π+π−) = +0.117± 0.021(stat)± 0.009(syst)± 0.007(J/ψK+) ,
ACP (π
+K+K−) = −0.141± 0.040(stat)± 0.018(syst)± 0.007(J/ψK+) . (1.2)
The significances are 4.2σ and 3.0σ, respectively.
The branching ratios for these decays have also been measured with [5]
Br(π+π+π−) = (15.2± 1.4)× 10−6 , Br(π+K+K−) = (5.0± 0.7)× 10−6 ,
Br(K+K+K−) = (34.0± 1.0)× 10−6 , Br(K+π+π−) = (51.0± 3.0)× 10−6 . (1.3)
These charged 3-body B+ decays can provide new information about the SM and for
strong interaction which determine the hadronic matrix elements for B decays. If flavor
SU(3) symmetry is a good symmetry for B decays [6] and the decay amplitude is dominated
by the momentum independent contribution, it is expected that branching ratios for the pairs
with ∆S = 0 and ∆S = 1 have the following relations [7],
Br(π+π+π−) = 2Br(π+K+K−) , Br(K+K+K−) = 2Br(K+π+π−) ,
ACP (π
+π+π−) = ACP (π
+K+K−) , ACP (K
+K+K−) = ACP (K
+π+π−) . (1.4)
It is also expected that the rate asymmetries ∆CP = Γ− Γ to satisfy,
∆CP (π
+π+π−) = 2∆CP (π
+K+K−) = −∆CP (K+K+K−) = −2∆CP (K+π+π−) . (1.5)
Note that ∆CP and ACP is related by ACP = τB∆CP/2Br. Therefore one can obtain
relations between asymmetries ACP for different decays.
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Inspection of data from the LHCb, one finds that only ∆CP (π
+π+π−) =
−∆CP (K+K+K−) is in agreement with data, the other predictions described above do
not hold, in particular the relative signs are different from SU(3) predictions between
ACP (π
+π+π−) and ACP (π+K+K−), and ACP (K+K+K−) and ACP (K+π+π−) pairs. If
the experimental data are further confirmed, one needs to go beyond the SU(3) conserving
momentum independent contribution to the decay amplitudes to see if the decay pattern
observed can be explained. One of the possible sources causing the deviation may come
from SU(3) breaking effects due to light quark difference of mu, md and ms.
The flavor SU(3) symmetry is expected to be only an approximate symmetry because u,
d and s quarks have different masses. The SU(3) breaking effect is at level of 20 percent for
the π and K decay constants fpi and fK . For 2-body pseudoscalar octet meson B decays,
the flavor SU(3) symmetry works reasonably well although there are some breakings [8] and
some predictions work very well, such as rate differences between some of the ∆S = 0 and
∆S = 1 two-body pseudoscalar meson B decays [9, 10]. It is natural to ask that whether
with SU(3) breaking effects, one can explain the above mentioned charged 3-body B+ decay
pattern. The SU(3) breaking quark mass contributions can be considered as sub-leading
corrections to the leading SU(3) breaking effects mentioned earlier.
Inclusion of contributions from quark masses should be considered consistently with other
possible sub-leading contributions. To this end we note that the K and π masses squared are
proportional to light quark masses in chiral perturbation theory, to include light quark mass
contribution consistently one should also consider terms with two derivatives. By doing this
it will allow new terms which do not exist in the momentum indpendent SU(3) amplitude,
such as terms like, (∂µK+π+ − ∂µπ+K+)∂µK− and (∂µK+π+ − ∂µπ+K+)∂µπ−. These
terms will contribute to B+ → π+K+K−, K+π+π−. There is no equivalent contribution to
B+ → π+π+π− and B+ → K+K+K−. Therefore such contributions can lead to deviation
from Eq.(1.4) and may help to explain data.
In this work we study the above mentioned two types of effects in these decays in the
framework of flavor SU(3) symmetry. We find that to explain the observed decay pattern
large SU(3) breaking effects are needed.
II. SU(3) CONSERVING MOMENTUM INDEPENDENT AMPLITUDES
We start with the description of B decays into three pseudoscalar octet mesons from
flavor SU(3) symmetry. The leading quark level effective Hamiltonian up to one loop level
in electroweak interaction for hadronic charmless B decays in the SM can be written as
Hqeff =
4GF√
2
[VubV
∗
uq(c1O1 + c2O2)−
12∑
i=3
(VubV
∗
uqc
uc
i + VtbV
∗
tqc
tc
i )Oi], (2.1)
where q can be d or sthe coefficients c1,2 and c
jk
i = c
j
i − cki , with j and k indicate the internal
quark, are the Wilson Coefficients (WC). The tree WCs are of order one with, c1 = −0.31,
and c2 = 1.15. The penguin WCs are much smaller with the largest one c6 to be −0.05.
These WC’s have been evaluated by several groups [11]. Vij are the KM matrix elements.
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In the above the factor VcbV
∗
cq has been eliminated using the unitarity property of the KM
matrix.
The operators Oi are given by
O1 = (q¯iuj)V−A(u¯ibj)V−A , O2 = (q¯u)V−A(u¯b)V−A ,
O3,5 = (q¯b)V−A
∑
q′(q¯
′q′)V∓A , O4,6 = (q¯ibj)V−A
∑
q′(q¯
′
jq
′
i)V∓A ,
O7,9 =
3
2
(q¯b)V−A
∑
q′ eq′(q¯
′q′)V±A , O8,10 = 32(q¯ibj)V−A
∑
q′ eq′(q¯
′
jq
′
i)V±A ,
O11 =
gs
16pi2
q¯σµνG
µν(1 + γ5)b , O12 =
Qbe
16pi2
q¯σµνF
µν(1 + γ5)b.
(2.2)
where (a¯b)V−A = a¯γµ(1−γ5)b, Gµν and F µν are the field strengths of the gluon and photon,
respectively.
At the hadron level, the decay amplitude can be generically written as
A = 〈final state|Hqeff |B¯〉 = VubV ∗uqT (q) + VtbV ∗tqP (q) , (2.3)
where T (q) contains contributions from the tree as well as penguin due to charm and up
quark loop corrections to the matrix elements, while P (q) contains contributions purely from
one loop penguin contributions. B indicates one of the B+, B0d and B
0
s . Bi = (B
+, B0, B0s )
forms an SU(3) triplet.
The flavor SU(3) symmetry transformation properties for operators O1,2, O3−6,11,12, and
O7−10 are: 3¯a + 3¯b + 6 + 15, 3¯, and 3¯a + 3¯b + 6 + 15, respectively. We indicate these
representations by matrices in SU(3) flavor space by H(3¯), H(6) and H(15). For q = d, the
non-zero entries of the matrices H(i) are given by [9]
H(3¯)2 = 1 , H(6)121 = H(6)
23
3 = 1 , H(6)
21
1 = H(6)
32
3 = −1 ,
H(15)121 = H(15)
21
1 = 3 , H(15)
22
2 = −2 , H(15)323 = H(15)233 = −1 . (2.4)
And for q = s, the non-zero entries are
H(3¯)3 = 1 , H(6)131 = H(6)
32
2 = 1 , H(6)
31
1 = H(6)
23
2 = −1 ,
H(15)131 = H(15)
31
1 = 3 , H(15)
33
3 = −2 , H(15)322 = H(15)232 = −1 . (2.5)
These properties enable one to write the decay amplitudes for B → PPP decays in only
a few SU(3) invariant amplitudes [6]. Here P is one of the mesons in the pseudoscalar octet
meson M = (Mij) which is given by,
M =


pi0√
2
+ η8√
6
π+ K+
π− − pi0√
2
+ η8√
6
K0
K− K¯0 −2η8√
6

 . (2.6)
Construction of B+ → PPP decay amplitude can be done order by order by using three
M ’s, B, and the Hamiltonian H , and also derivatives on the mesons to form SU(3). Let us
discuss SU(3) conserving momentum independent amplitudes in the following.
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For the T (q) amplitude, we have
T (q) = aT (3)BiH
i(3)M jkM
k
l M
l
j + b
T (3)H i(3)M ji BjM
k
l M
l
k + c
T (3)H i(3)M liM
j
l M
k
j Bk
+aT (6)BiH
ij
k (6)M
k
j M
l
nM
n
l + b
T (6)BiH
ij
k (6)M
k
l M
l
nM
n
j
+cT (6)BiH
jk
l (6)M
i
jM
n
kM
l
n + d
T (6)BiH
jk
l (6)M
i
nM
l
jM
n
k
+aT (15)BiH
ij
k (15)M
k
j M
l
nM
n
l + b
T (15)BiH
ij
k (15)M
k
l M
l
nM
n
j
+cT (15)BiH
jk
l (15)M
i
jM
n
kM
l
n + d
T (15)BiH
jk
l (15)M
i
nM
l
jM
n
k . (2.7)
One can write similar amplitude P (q) for the penguin contributions.
The coefficients a(i), b(i), c(i) and d(i) are constants which contain the WCs and in-
formation about QCD dynamics. Several groups have studied B → PPP decays [12–15].
In general there may be resonant contributions [12–16] due to exchange of intermediate
particles resulting in the parameters a(i) to d(i) to be dependent of momenta exchanged,
such as dependent on the s, t and u variables. There may be other contributions which can
also make the decay amplitudes momentum dependent. The LHCb has also measured CP
asymmetries for localized regions of phase space according to invariant masses of π+π− and
K+K− with larger asymmetries [2, 4]. If confirmed, this indicates that the decay amplitudes
have momentum dependent from exchanging particles [16]. If only considering the momen-
tum independent contributions given above, one will not be able to estimate the localized
CP asymmetries. We will not consider localized CP asymmetries, but concentrate on CP
violation in these decays with phase space integrated over.
Expanding the above T (q) amplitude, one can extract the decay amplitudes T (PPP ) for
B+ → π+π+π−, B+ → π+K+K−, and B+ → K+π+π−, B+ → K+K+K−. We find that
they are all equal. Indicating it by T , we have
T = 2bT (3) + cT (3) + 2aT (6) + bT (6)− cT (6)− dT (6)
+6aT (15) + 3b(15) + cT (15) + 3dT (15) . (2.8)
Similarly, we find the same situation for the penguin amplitude P . P amplitude can be
obtained by replacing T by P in the above expression.
The amplitudes for the four charged 3-body B+ decays can be written as
A(B+ → π+π+π−) = V ∗ubVudT + V ∗tbVtdP ,
A(B+ → π+K+K−) = V ∗ubVudT + V ∗tbVtdP ,
A(B+ → K+π+π−) = V ∗ubVusT + V ∗tbVtsP ,
A(B+ → K+K+K−) = V ∗ubVusT + V ∗tbVtsP . (2.9)
For amplitude involving identical particles, we use the convention to include the identical
particle factor at the branching ratio calculation stage.
The corresponding decay amplitudes for B− decays can be obtained from the above by
replacing VubV
∗
uq and VtbV
∗
tq by V
∗
ubVuq and V
∗
tbVtq, respectively.
In the SU(3) limit, we have
Br(π+π+π−) = 2Br(π+K+K−) , Br(K+π+π−) = 2Br(K+K+K−) . (2.10)
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The factor of 2 in the above equations are due to identical particles π+π+ and K+K+ in
B+ → π+π+π− and B+ → K+K+K−.
Because the KM factors involved for the above two ∆S = 0 and two ∆S = 1 decays
are different, their branching ratios are not expected to be the same. However, because the
relation [19] of KM matrix element Im(VubV
∗
udV
∗
tbVtd) = −Im(VubV ∗usV ∗tbVts), the CP violating
rate difference of the ∆S = 0 and ∆S = 1 are related. We have
2∆(K+π+π−) = ∆(K+K+K−) = −∆(π+π+π−) = −2∆(π+K+K−) , (2.11)
which leads to the relations for ACP given by
ACP (π
+K+K−)
ACP (K+π+π−)
= − Br(K
+π+π−)
Br(π+K+K−)
,
ACP (π
+π+π−)
ACP (K+K+K−)
= −Br(K
+K+K−)
Br(π+π+π−)
,
ACP (π
+K+K−)
ACP (K+K+K−)
= −Br(K
+K+K−)
Br(π+K+K−)
,
ACP (π
+π+π−)
ACP (K+π+π−)
= −Br(K
+π+π−)
Br(π+π+π−)
. (2.12)
The LHCb data obviously do not support the branching ratio relations given above.
The relations for CP asymmetry ACP do not agree with data either, except the ra-
tio ACP (π
+π+π−)/ACP (K+K+K−). The LHCb data ACP (π+π+π−)/ACP (K+K+K−) =
−2.7±0.9 agrees with the predicted value [7] −2.2±0.2 very well using Eq.(2.12). If experi-
mental data at the LHCb will be further confirmed, one needs to include contributions from
beyond the SU(3) conserving momentum independent effects to explain the data. There
may be different sources which can cause the deviations, one of the possibilities is the SU(3)
breaking effects. To be consistent in carrying out the analysis, as mentioned earlier, one
also needs to take into account contributions from terms with two derivatives. In the next
section we study these contributions.
ACP (∆S = 0)/ACP (∆S = 1) Momentum independent Data
amplitude predictions
ACP (pi
+K+K−)/ACP (K+pi+pi−) −10.2± 1.5 −4.4± 2.0
ACP (pi
+pi+pi−)/ACP (K+K+K−) −2.2± 0.2 −2.7± 0.9
ACP (pi
+K+K−)/ACP (K+K+K−) −6.8± 1.1 +3.3± 1.4
ACP (pi
+pi+pi−)/ACP (K+pi+pi−) −3.4± 0.3 +3.7± 1.5
TABLE I: Comparison of SU(3) conserving momentum independent amplitude predictions and
data for ACP (∆S = 0)/ACP (∆S = 1).
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III. CONTRIBUTIONS FROM SU(3) BREAKING AND DERIVATIVE TERMS
A. SU(3) Breaking Due To Light Quark Masses
Flavor SU(3) symmetry breaking effects come from difference in masses of u, d and s
quarks. Under SU(3), the mass matrix can be viewed as combinations of representations
from 3×3¯, to matching the (u, d, s) transformation property as a fundamental representation,
which contains an 1 and an 8 irreducible representations. The diagonalized mass matrix can
be expressed as a linear combination of the identity matrix I, and the Gell-Mann matrices λ3
and λ8. Compared with s-quark mass ms, the u and d quark masses mu,d are much smaller
which can be neglected and therefore the term proportional to λ3 disappears. The s-quark
mass is the main source for flavor SU(3) symmetry breaking which is of a diaganol matrix
form, msW with W = dig(0, 0, 1). It can be further decomposed into I and λ8. The identity
I part contributes to the B decay amplitudes in a similar way as that given in eq. (2.7)
which can be absorbed into the coefficients a(i) to d(i). Only λ8 piece will contribute to the
SU(3) breaking effects. We will use this to construct SU(3) breaking decay amplitudes and
indicate it by [20].
W = (W ij ) =


1 0 0
0 1 0
0 0 −2

 . (3.1)
To construct relevant decay amplitudes for charged 3-body B+ decays, one first breaks
the contraction of indices at any joint in eq. (2.7), and inserts a W in between, and then
contracts all indices appropriately as shown in Appendix A. Each possible way will be
associated with a coefficient which we will treat as a free parameter.
Expanding the above expression, we obtain the ∆T amplitudes as follows.
∆T (π+π+π−) = 2bT1 (3) + 2b
T
2 (3) + 2b
T
3 (3) + c
T
1 (3) + c
T
2 (3) + c
T
3 (3) + c
T
4 (3)
+2aT1 (6) + 2a
T
2 (6) + 2a
T
3 (6) + 2a
T
4 (6) + b
T
1 (6) + b
T
2 (6) + b
T
3 (6)
+bT4 (6) + b
T
5 (6)− cT1 (6)− cT2 (6)− cT3 (6)− cT4 (6)− cT5 (6)
−dT1 (6)− dT2 (6)− dT3 (6)− dT4 (6)− dT5 (6) + 6aT1 (15)
+6aT2 (15) + 6a
T
3 (15) + 6a
T
4 (15) + 3b
T
1 (15) + 3b
T
2 (15) + 3b
T
3 (15) + 3b
T
4 (15)
+3bT5 (15) + c
T
1 (15) + c
T
2 (15) + c
T
3 (15) + c
T
4 (15) + c
T
5 (15) + 3d
T
1 (15)
+3dT2 (15) + 3d
T
3 (15) + 3d
T
4 (15) + 3d
T
5 (15) ,
∆T (K+K−π+) = 2bT1 (3) + 2b
T
2 (3)− bT3 (3) + cT1 (3) + cT2 (3) + cT3 (3)− 2cT4 (3)
+2aT1 (6) + 2a
T
2 (6) + 2a
T
3 (6)− aT4 (6) + bT1 (6) + bT2 (6) + bT3 (6)
−2bT4 (6) + bT5 (6)− cT1 (6) + 2cT2 (6)− 4cT3 (6)− cT4 (6) + 2cT5 (6)
−dT1 (6)− dT2 (6)− dT3 (6)− dT4 (6) + 2dT5 (6) + 6aT1 (15)
+6aT2 (15) + 6a
T
3 (15)− 3aT4 (15) + 3bT1 (15) + 3bT2 (15) + 3bT3 (15)− 6bT4 (15)
+3bT5 (15) + c
T
1 (15) + 4c
T
2 (15) + 4c
T
3 (15) + 7c
T
4 (15)− 8cT5 (15) + 3dT1 (15)
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+3dT2 (15) + 3d
T
3 (15) + 3d
T
4 (15)− 6dT5 (15) ,
∆T (K+π+π−) = −4bT1 (3) + 2bT2 (3) + 2bT3 (3)− 2cT1 (3) + cT2 (3) + cT3 (3) + cT4 (3)
+2aT1 (6)− 4aT2 (6) + 2aT3 (6) + 2aT4 (6) + bT1 (6)− 2bT2 (6) + bT3 (6)
+bT4 (6) + b
T
5 (6)− cT1 (6)− cT2 (6) + 2cT3 (6)− cT4 (6)− cT5 (6)
−dT1 (6) + 2dT2 (6)− dT3 (6)− dT4 (6)− dT5 (6) + 6aT1 (15)
−12aT2 (15) + 6aT3 (15) + 6aT4 (15) + 3bT1 (15)− 6bT2 (15) + 3bT3 (15) + 3bT4 (15)
+3bT5 (15) + c
T
1 (15)− 5cT2 (15) + 4cT3 (15) + cT4 (15) + cT5 (15) + 3dT1 (15)
−6dT2 (15) + 3dT3 (15) + 3dT4 (15) + 3dT5 (15) ,
∆T (K+K−K+) = −4bT1 (3) + 2bT2 (3)− 2bT3 (3)− 2cT1 (3) + cT2 (3) + cT3 (3)− 2cT4 (3)
+2aT1 (6)− 4aT2 (6) + 2aT3 (6)− aT4 (6) + bT1 (6)− 2bT2 (6) + bT3 (6)
−2bT4 (6) + bT5 (6)− cT1 (6) + 2cT2 (6)− cT3 (6)− cT4 (6) + 2cT5 (6)
−dT1 (6) + 2dT2 (6)− dT3 (6)− dT4 (6) + 2dT5 (6) + 6aT1 (15)
−12aT2 (15) + 6aT3 (15)− 3aT4 (15) + 3bT1 (15)− 6bT2 (15) + 3bT3 (15)− 6bT4 (15)
+3bT5 (15) + c
T
1 (15)− 2cT2 (15) + 7cT3 (15) + 7cT4 (15)− 8cT5 (15) + 3dT1 (15)
−6dT2 (15) + 3dT3 (15) + 3dT4 (15)− 6dT5 (15) . (3.2)
Had one used W = diag(0, 0, 1) forW , the correction to ∆T (π+π+π−) would vanish. But
both ways of calculating the corrections are equivalent. This can be easily understood by
substracting the same among correction as to ∆T (π+π+π−) from the other three amplitudes
and absorb them into the leading order amplitudes in Eq.(2.8).
Note that the amplitudes are not all independent, but satisfy,
∆T (K+K−K+)−∆T (K+π+π−) = ∆T (K+K−π+)−∆T (π+π+π−) . (3.3)
Similarly one can obtain the penguin amplitudes ∆P .
B. Terms With Derivatives
The lowest order terms with derivatives lead to two powers of momentum dependent.
One can obtain relevant terms by taking two times of derivatives on each of the terms in
Eq.(2.7) and then collectting them together. Not all of the terms are independent. If the two
derivatives are taken on one field, ∂2B or ∂2M , by using on-shell conditions of the particles,
these terms will be proportional to the ones already existed which can be absorbed into
redefinition of the coefficients in Eq.(2.7) in the SU(3) limit. When SU(3) is broken due
to quark mass differences, terms containing ∂2K = m2KK and ∂
2π = m2piπ will generate
SU(3) breaking terms. However, they will not create new terms already discussed in the
previous section. We find that independent terms can only come from taking derivatives on
two different fields. For example after taking derivatives for BiH
i(3)M jkM
k
l M
l
j , we have the
following terms
(∂µBi)H
i(3)(∂µM jk)M
k
l M
l
j, (∂µBi)H
i(3)M jk(∂
µMkl )M
l
j , (∂µBi)H
i(3)M jkM
k
l (∂
µM lj) ,
BiH
i(3)(∂µM
j
k)(∂
µMkl )M
l
j, BiH
i(3)(∂µM
j
k)M
k
l (∂
µM lj), BiH
i(3)M jk(∂µM
k
l )(∂
µM lj) .
(3.4)
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In the above the lower and upper indices are contracted. One may wonder whether the
indices which are contracted by ǫijk and ǫijk give new terms. This is not the case because of
the identity
ǫijkǫ
abc =
∣∣∣∣∣∣∣∣∣
δai δ
b
i δ
c
i
δaj δ
b
j δ
c
j
δak δ
b
k δ
c
k
∣∣∣∣∣∣∣∣∣
. (3.5)
The full list of the possible terms are given in Appendix B.
Expanding terms in Appendix B, one obtains the lowest derivative amplitude T p for B+
decay into three charged PPP mesons in six different forms depending on how the derivatives
are taken. For ∆S = −1 case. We have
(a) (∂µB
+)(∂µK+)[K+K− + π+π−], (b) (∂µB
+)K+[K+(∂µK−) + π+(∂µπ−)],
(c) (∂µB
+)K+[(∂µK+)K− + (∂µπ+)π−], (d) B+K+[(∂µK
+)(∂µK−) + (∂µπ
+)(∂µπ−)],
(e) B+∂µK
+[K+(∂µK−) + π+(∂µπ−)], (f) B+∂µK
+[(∂µK+)K− + (∂µπ+)π−]. (3.6)
In the above, B+ is going in and the three light pesudoscalar mesons are going out.
To see how these terms change the leading SU(3) amplitude, it is convenient to use the
following six different terms to exppress the above
(1) (∂µB
+)[(∂µK+)π+ −K+(∂µπ+)]π− , (2) (∂µB+)K+[K+(∂µK−) + π+(∂µπ−)] ,
(3) (∂µB
+)[K+(∂µK+)K− +
1
2
((∂µ(K+)π+ +K+(∂µπ+))π−)] ,
(4) B+[(∂µK+)π+ −K+(∂µπ+)]∂µπ− , (5) B+∂µK+[(∂µK+)K− + (∂µπ+)π−] ,
(6) B+[(∂µK
+)K+(∂µK−) +
1
2
((∂µK
+)π+ +K+(∂µπ
+))∂µπ−)] . (3.7)
The terms (1), (4), ((3) and (6)) are obtained by (a)− (c)) (((a) + (c))/2), and by (e)− (d)
(((e) + (d))/2), respectively.
There are no analogous terms in the SU(3) symmetric momentum independent contri-
bution for the first two terms above. The existence of these terms make the amplitude for
B+ → K+K+K− different from that for B+ → K+π+π−, and therefore providing another
source of violating the relation in Eq.(2.10). Similarly, one can work out the independent
terms for ∆S = 0 decays. Note that these terms contribute to the zero U-spin amplitude
A0 formed by the two charged mesons in the final state in the U-spin analysis[17, 18]. One
should, however, be careful that with just the momentum independent amplitudes, A0 is zero,
due to Bose-Einstein statistics. It is not correct to make A0 momentum independent[18].
Direct U-spin construction of decay amplitudes obtain the same structure of momentum
dependence to the same order as the above[18].
Expanding the terms in Appendix B, the ∆S = −1 amplitudes T p are proportional to
1
m2B
(α1(1) + α2)2) + α3)3) + α4(4) + α5(5) + α6(6)) . (3.8)
In the above, we have normalized the dimension of the coefficients αi so that they are
dimensionless. Similarly, one can define the amplitude P p for the penguin contribution. The
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coefficients αi are given in terms of the coefficients in Appendix B. A similar expressions
apply to the ∆S = 0 amplitudes.
Replacing ∂µ by momentum pµ in the above expressions, we obtain the tree momentum
dependent amplitude T p
T p(K+(p1)K
+(p2)K
−(p3))
=
1
2m2B
(2α2pB · p3 + α3pB · (p1 + p2) + 2α5p1 · p2 + α6(p1 + p2) · p3) ,
T p(K+(p1)π
+(p2)π
−(p3))
=
1
2m2B
(2α2pB · p3 + α3pB · (p1 + p2) + 2α5p1 · p2 + α6(p1 + p2) · p3
+2(α1pB · (p1 − p2) + α4(p1 − p2) · p3)) , (3.9)
T p(π+(p1)π
+(p2)π
−(p3))
=
1
2m2B
(2α2pB · p3 + α3pB · (p1 + p2) + 2α5p1 · p2 + α6(p1 + p2) · p3) ,
T p(π+(p1)K
+(p2)K
−(p3))
=
1
2m2B
(2α2pB · p3 + α3pB · (p1 + p2) + 2α5p1 · p2 + α6(p1 + p2) · p3
+2(α1pB · (p1 − p2) + α4(p1 − p2) · p3)) .
Note that in the SU(3) limit, one has
T p(K+(p1)K
+(p2)K
−(p3)) = T
p(π+(p1)π
+(p2)π
−(p3)) ,
T p(K+(p1)π
+(p2)π
−(p3)) = T
p(π+(p1)K
+(p2)K
−(p3)) . (3.10)
Similarly, one can write down the penguin amplitude P p.
IV. NUMERICAL ANALYSIS
Combining all contributions discussed in previous sections, the total tree Tt and penguin
Pt decay amplitudes are then given by
Tt = T + T
p +∆T , Pt = P + P
p +∆P . (4.1)
The momentum independent contributions have two problems in explaining the data.
One problem is that the differences of the branching ratios, that is, the data do not satisfy
the prediction in the approximation given in Eq.(2.10). The other problem is that except
the ratio of CP asymmetry in B+ → K+K+K− and B+ → π+π+π− agree with data, the
other ratios predicted in Eq.(2.12) do not agree with data. We now study whether the new
total amplitudes in the above can explain the data.
A. Modifications from T p and P p only
If there is no SU(3) breaking contributions, that is ∆T and ∆P vanish, the modifications
come from T p and P p. In this case, due to contributions from (1) and (2) terms in Eq.(3.7),
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the problem caused by the prediction of Eq.(2.10) can be fixed. However, note that in this
case one still has in the SU(3) limit
Tt(K
+K+K−) = Tt(π
+π+π−) , Tt(π
+K+K−) = Tt(K
+π+π−) ,
Pt(K
+K+K−) = Pt(π
+π+π−) , Pt(π
+K+K−) = Pt(K
+π+π−) ,
(4.2)
Because of the above, one has
ACP (π
+K+K−)
ACP (K+π+π−)
= − Br(K
+π+π−)
Br(π+K+K−)
, (4.3)
which is in contradiction with data.
One may wonder if the addition of T p and P p can be help to obtain reasonable branching
ratios for these decays. We find that this is not the case. Neglecting the masses of K, the
total decay amplitudes are in the form
Tt = a
T +
bT
m2B
(s+ t) +
cT
m2B
(s− t) , Pt = aP + b
P
m2B
(s+ t) +
cP
m2B
(s− t) , (4.4)
where s = (p2 + p3)
2 and t = (p1 + p3)
2.
The coefficients a, b and c can be read off from Eq.s(2.8) and Eq.(3.10). We have for all
the four decay modes,
aT = T +
1
4
(αT3 + α
T
5 ) , b
T =
1
2
(αT2 −
1
2
αT3 − αT5 +
1
2
αT6 ) , (4.5)
and cT is non-zero only for B+ → K+π+π−, π+K+K− decays. It is given by
cT =
1
2
(αT1 + α
T
4 ) . (4.6)
Similarly, the penguin amplitudes P p can be written in the same form by replacing T by P .
The decay width is then in the form
Γ =
MB
512π3
(
| a˜ |2 +2
3
(a˜b˜∗ + b˜a˜∗) +
1
2
| b˜ |2 +1
6
| c˜ |2
)
, (4.7)
where
a˜ = V ∗ubVuda
T + V ∗tbVtda
P , b˜ = V ∗ubVudb
T + V ∗tbVtdb
P , c˜ = V ∗ubVudc
T + V ∗tbVtdc
P . (4.8)
From the above formula, we note that the contribution from c˜ does not interfere with the
other two terms. Because this property inclusion of c˜, if it enhances the branching ratios of
B+ → K+π+π−, it also enhances B+ → π+K+K− compared with B+ → K+K+K− and
B+ → π+π+π−, respectively. Therefore the addition of contributions from c˜ does help to
improve fit to data which requires enhancement of branching ratio for B+ → K+π+π−, but
reduction for B+ → π+K+K−.
We need to include SU(3) breaking ∆T and ∆P terms. Before considering both contri-
butions, let us study whether another extreme case, where T p and P p are vanishing, but
∆T and ∆P are kept non-zero, can explain the data.
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B. Modifications from ∆T and ∆P only
For this case, we find it convenient to carry out the analysis by shifting the amplitudes in
the following way, indicated by a “ ′ ” on the amplitudes. For the tree amplitude, redefine
T (π+π+π−)t = T ′ = T +∆T (π+π+π−). Then the other decay amplitudes are
T (K+K+K−)t = T
′ +∆T ′(K+K+K−) ,
T (π+K+K−)t = T
′ +∆T ′(π+K+K−) ,
T (K+π+π−)t = T
′ +∆T ′(K+π+π−) , (4.9)
where
∆T ′(K+K+K−) = ∆T (K+K+K−)−∆T (π+π+π−) ,
∆T ′(π+K+K−) = ∆T (π+K+K−)−∆T (π+π+π−) , ,
∆T ′(K+π+π−) = ∆T (K+π+π−)−∆T (π+π+π−) . (4.10)
We then have
∆T ′(K+K−K+)−∆T ′(K+π+π−) = ∆T ′(π+K+K−) . (4.11)
We will take ∆T ′(K+π+π−) and ∆T ′(π+K+K−) as independent variables in our later ananl-
ysis. Similarly, one can redefine P and ∆P to P ′ and ∆P ′.
The complete decay amplitudes, in this case, can be written as
A(π+π+π−) = V ∗ubVudT
′ + V ∗tbVtdP
′ , (4.12)
A(K+K+K−) = V ∗ubVus[T
′ +∆T ′(K+K+K−)] + V ∗tbVts[P
′ +∆P ′(K+K+K−)] ,
A(π+K+K−) = V ∗ubVud[T
′ +∆T ′(π+K+K−)] + V ∗tbVtd[P
′ +∆P ′(π+K+K−)] ,
A(K+π+π−) = V ∗ubVus[T
′ +∆T ′(K+π+π−)] + V ∗tbVts[P
′ +∆P ′(K+π+π−)] .
The amplitudes for corresponding B− decays can be obtained by replacing VubV ∗uq and VtbV
∗
tq
in the above by V ∗ubVuq and V
∗
tbVtq, respectively. One can always choose a convention in which
T ′ is real, and write P ′ = Pa + Pbi, ∆T ′ = ∆Ta +∆Tbi, and ∆P ′ = ∆Pa +∆Pbi.
The KM elements Vij have been very well determined from various experimental data [21].
In our analysis, we take the KM matrix elements to be known ones and use their central
values in the Particle Data Group parameterization [21],
θ13 = 0.0034
+0.0002
−0.0001 , θ23 = 0.0412
+0.0011
−0.0007 , θ12 = 0.2273
+0.0007
−0.0007
δ = 1.208+0.057−0.039 . (4.13)
We have seen in section II that the ratio ACP (π
+π+π−)/ACP (K+K+K−) predicted by
SU(3) conserving momentum independent contributions agree with experimental data well.
If one takes this as an indication that the decay amplitudes for these two decays obey
predictions with just SU(3) momentum independent contributions, and works with the
assumption that the SU(3) breaking effects do not modify the relative size of these two
decay amplitudes, that is, T ′(K+K+K−) = T ′(π+π+π−), one then has
∆T ′(K+K+K−) = T ′(π+π+π−) = 0
∆T ′(K+π+π−) = −∆T ′(π+K+K−) . (4.14)
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In this case, there are seven parameters for the hadronic matrix elements T , Pa, Pb, ∆Ta ,
∆Tb, ∆Pa and ∆Pb, to fit the four branching ratios Br(i) and four CP asymmetries ACP (i).
We find that the fit is very good with the minimal χ2 to be 0.044. The central values and
their 1σ allowed ranges are given by,
T ′ = (2.70+0.14−0.12)× 10−5 ,
P ′ = Pa + Pbi = (4.16
+0.07
−0.05)× 10−6 − (7.22+1.2−1.0)× 10−7i ,
∆T ′ = ∆Ta +∆Tbi = (−2.04+0.21−0.20)× 10−5 − (2.05+0.19−0.17)× 10−5i ,
∆P ′ = ∆Pa +∆Pbi = (−1.74+0.25−0.24)× 10−6 − (4.06+0.32−0.31)× 10−6i . (4.15)
We list the values for the eight physical observables for the central values for the pa-
rameters given above in the first columns of the ACP [output] and Br[output] in Table II
and compare them with data. From these numbers, one can also see that the fit can be
considered as a good one.
B+ decay modes ACP [output] ACP [data] Br(10
−6)[output] Br(10−6)[data]
K+pi+pi− 0.031, 0.032, 0.032 0.032 ± 0.011 51.0, 51.0, 51.1 51.0 ± 3.0
K+K+K− −0.042, −0.043, −0.043 −0.043 ± 0.012 33.9, 34.1, 33.9 34.0 ± 1.0
pi+pi+pi− 0.120, 0.117, 0.118 0.117 ± 0.024 15.2, 15.2, 15.2 15.2 ± 1.4
pi+K+K− −0.142, −0.143, −0.140 −0.141 ± 0.044 5.0, 5.0, 5.0 5.0± 0.7
TABLE II: Comparison of experimental data and fit values with SU(3) breaking effects. The
first, second and third columns for outputs are for the cases of input parameters from Eq.(4.15),
Eq.(4.16) and Eq.(4.19), respectively.
The ratio for ACP (π
+π+π−)/ACP (K+K+K−) is predicted to be −2.2± 0.2. This agrees
with −2.7 ± 0.9 determined from data within error bars. The central values are, however,
different. If this persists with more data, one may need to keep ∆T ′(K+K+K−) to be
non-zero to fit data. For example with the following value for the amplitudes
T ′ = 1.7× 10−5 , P ′ = −4.5× 10−6 − 5.7× 10−7i ,
∆T ′(K+π+π−) = 3.3× 10−5 + 4.2× 10−5i ,
∆P ′(K+π+π−) = −3.3× 10−6 − 4.4× 10−6i ,
∆T ′(π+K+K−) = −3.4 × 10−5 − 1.8× 10−5i ,
∆P ′(π+K+K−) = −4.5× 10−6 − 5.7× 10−7i ,
we can have ACP (π
+π+π−)/ACP (K+K+K−) = −2.7 coincident with the central value of
the data. The corresponding outputs for other observables are give in the second columns
of Table II for outputs.
The above analysis shows that it is possible to have consistent solution with the branching
ratios and CP asymmetries provided that the SU(3) breaking effects are large.
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C. Modifications from both SU(3) breaking and derivative terms
We now carry out an analysis by including both ∆T (∆P ), and T p(P p) terms to see how
things will change. In particular one wonders if including T p(P p) contributions, one can fit
data well with small SU(3) breaking effects.
If finite mK is kept, the derivative terms also contain SU(3) breaking terms. These
additional terms satisfy Eq.(4.11) and by appropriate redefinition of the amplitudes, one
can group them into T (P ), ∆T ′(∆P ′) terms. The total amplitudes can be written as
Tt = a
T +
bT
m2B
(s+ t) +
cT
m2B
(s− t) + ∆aT ,
Pt = a
P +
bP
m2B
(s + t) +
cP
m2B
(s− t) + ∆aP , (4.16)
where
∆aT (π+π+π−) = 0 ,
∆aT (K+K+K−) = ∆T ′(K+K+K−) ,
∆aT (K+π+π−) = ∆T ′(K+π+π−) ,
∆aT (π+K+K−) = ∆T ′(π+K+K−) . (4.17)
Eq.(4.7) can still be used for decay width calculation by replacing aT and aP by aT +∆aT
and aP +∆aP . We find that the situation does not change much compared with including
just ∆T ′ and ∆P ′ corrections. We cannot find solutions with SU(3) breaking terms to
be much smaller than the SU(3) conserving terms. The reasons are that the momentum
dependent contributions contribute to all T ′(P ′), ∆T ′(∆P ′) and also have pieces c˜T (c˜P ).
The former two contributions can be absorbed into T ′(P ′) and ∆T ′(∆(P ′), and therefore
the net results cannot be improved by these two terms. The pieces c˜T (c˜P ) do not interfere
with the other two terms. Because this property, as already pointed out before, inclusion
of c˜ only enhances the branching ratios of B+ → K+π+π− and B+ → π+K+K− compared
with B+ → K+K+K− and B+ → π+π+π−, respectively. The addition of contributions from
c˜ does not help to improve fit for small ∆T ′(∆P ′).
We have made a scan of parameter space and have not found solutions with the magnitude
of ∆T ′(∆P ′) to be a few times smaller than the magnitudes of T ′(P ′). But the magnitudes
of T p and P p are not necessarily to be small (in the limit they are zero, the situation goes
back to the case discussed int he previous sub-section). For example, with
aT = 1.3× 10−5 , aP = 1.1× 10−6 + 5.7× 10−6i ,
bT = 1.1× 10−5 − 1.2× 10−5i , bP = 7.0× 10−6 − 2.1× 10−5i ,
cT = 2.4× 10−5 + 4.3× 10−5i , cP = 1.5× 10−5 + 3.4× 10−5i ,
∆aT (K+π+π−) = −1.2× 10−5 − 1.1× 10−5i , (4.18)
∆aP (K+π+π−) = 3.0× 10−6 − 1.4× 10−6i ,
∆aT (K+K−π+) = −1.4 × 10−5 + 1.4× 10−5i ,
∆aP (K+K−π+) = −3.8× 10−6 + 5.0× 10−6i ,
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we can obtain results in good agreement with the experiment data as in the third columns
for outputs in Table II.
V. SUMMARY
We have studied CP violation in charged 3-body B+ decays, B+ → π+K+K−, B+ →
π+π+π−, B+ → K+K+K− and B+ → K+π+π−, using flavor SU(3) symmetry. Several
contributions are considered including SU(3) conserving momentum independent amplitudes
(T ′ and P ′), and momentum dependent amplitudes (T p and P p), and also SU(3) breaking
amplitudes (∆T ′ and ∆P ′). We have studied how to constructed non-resonant contributions
to these amplitudes.
With only SU(3) conserving momentum independent contributions, one would have
branching ratios and CP violating rate differences satisfy, Br(π+π+π−) = 2Br(π+K+K−),
Br(K+K+K−) = 2Br(K+π+π−), and ∆CP (π+π+π−) = 2∆CP (π+K+K−) =
−∆CP (K+K+K−) = −2∆CP (K+π+π−). The LHCb data do not exhibit the expected pat-
tern for the branching ratios. The rate differences for B+ → π+π+π− and B+ → K+K+K−
satisfy the relation between ∆S = 0 and ∆S = 1 well, but the other two do not, with the
CP asymmetries having different signs than expected. One needs to go beyond the SU(3)
limit description for these decays.
With SU(3) conserving momentum dependent amplitudes added, the degeneracy between
the amplitudes for A(π+π+π−) and A(π+K+K−), and A(K+K+K−) and A(K+π+π−) can
be lifted by a new piece of contribution (the c˜T,P contributions). Because this new contri-
bution does not interfere with the other contributions if it enhances the branching ratios
of B+ → K+π+π−, it also enhances B+ → π+K+K− compared with B+ → K+K+K−
and B+ → π+π+π−, respectively. This does not help to improve fit to data which requires
enhancement of branching ratio for B+ → K+π+π−, but reduction for B+ → π+K+K−.
With SU(3) breaking contributions from quark mass differences included, we find that the
experimental data can be explained provided that the breaking effects are large, comparable
strength with SU(3) conserving amplitudes. One wonders if such a large modification is
reasonable. One might expect that the breaking effects should be of order a few decades
percent. However, one notices that contributions to each of the ∆T ′ and ∆P ′ have several
terms. Even though each of the terms is only at most 10% , if they contribute constructively,
the total effects can be much larger. This might be what is happening for the decays we
are considering here. At phenomenological level, this cannot be fully understood. Model
calculations do have found large corrections [14]. One hopes that this problem can be
understood better from lattice calculations in the future.
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Appendix A: SU(3) breaking terms
Following the description of constructing the SU(3) breaking corrections in the text, the
SU(3) breaking tree amplitude T (q) can be expressed as
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i
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l
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l
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(A1)
The penguin amplitude P (q) can be obtained by replacing T by P .
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Appendix B: Terms with two derivatives
In this appendix, we list independent SU(3) invariant amplitude T p with two derivatives
in the following.
T p(q) = a′(3)1(∂µBi)H
i(3)(∂µM jk)M
k
l M
l
j + a
′(3)2(∂µBi)H
i(3)M jk(∂
µMkl )M
l
j
+ a′(3)3(∂µBi)H
i(3)M jkM
k
l (∂
µM lj) + a
′′(3)1BiH
i(3)(∂µM jk)(∂µM
k
l )M
l
j
+ a′′(3)2BiH
i(3)(∂µM jk)M
k
l (∂µM
l
j) + a
′′(3)3BiH
i(3)M jk(∂
µMkl )(∂µM
l
j)
+ b′(3)1(∂µBj)H
i(3)(∂µM ji )M
k
l M
l
k + b
′(3)2(∂µBj)H
i(3)M ji (∂
µMkl )M
l
k
+ b′(3)3(∂µBj)H
i(3)M ji M
k
l (∂
µM lk) + b
′′(3)1BjH
i(3)(∂µM ji )(∂µM
k
l )M
l
k
+ b′′(3)2BjH
i(3)(∂µM ji )M
k
l (∂µM
l
k) + b
′′(3)3BjH
i(3)M ji (∂
µMkl )(∂µM
l
k)
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i(3)(∂µM li )M
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l M
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j
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l
n)M
n
l
+ a′′(6)2BiH
ij
k (6)(∂
µMkj )M
l
n(∂µM
n
l ) + a
′′(6)3BiH
ij
k (6)M
k
j (∂
µM ln)(∂µM
n
l )
+ b′(6)1(∂µBi)H
ij
k (6)(∂
µMkl )M
l
nM
n
j + b
′(6)2(∂µBi)H
ij
k (6)M
k
l (∂
µM ln)M
n
j
+ b′(6)3(∂µBi)H
ij
k (6)M
k
l M
l
n(∂
µMnj ) + b
′′(6)1BiH
ij
k (6)(∂
µMkl )(∂µM
l
n)M
n
j
+ b′′(6)2BiH
ij
k (6)(∂
µMkl )M
l
n(∂µM
n
j ) + b
′′(6)3BiH
ij
k (6)M
k
l (∂
µM ln)(∂µM
n
j )
+ c′(6)1(∂µBi)H
ik
l (6)(∂
µM ij)M
n
kM
l
n + c
′(6)2(∂µBi)H
jk
l (6)M
i
j(∂
µMnk )M
l
n
+ c′(6)3(∂µBi)H
jk
l (6)M
i
jM
n
k (∂
µM ln) + c
′′(6)1BiH
jk
l (6)(∂
µM ij)(∂µM
n
k )M
l
n
+ c′′(6)2BiH
jk
l (6)(∂
µM ij)M
n
k (∂µM
l
n) + c
′′(6)3BiH
jk
l (6)M
i
j(∂
µMnk )(∂µM
l
n)
+ d′(6)1(∂µBi)H
ik
l (6)(∂
µM in)M
l
jM
n
k + d
′(6)2(∂µBi)H
jk
l (6)M
i
n(∂
µM lj)M
n
k
+ d′(6)3(∂µBi)H
jk
l (6)M
i
nM
l
j(∂
µMnk ) + d
′′(6)1BiH
jk
l (6)(∂
µM in)(∂µM
l
j)M
n
k
+ d′′(6)2BiH
jk
l (6)(∂
µM in)M
l
j(∂µM
n
k ) + d
′′(6)3BiH
jk
l (6)M
i
n(∂
µM lj)(∂µM
n
k ) (B1)
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j
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k
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+ d′(15)3(∂µBi)H
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l (15)M
i
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l
j(∂
µMnk ) + d
′′(15)1BiH
jk
l (15)(∂
µM in)(∂µM
l
j)M
n
k
+ d′′(15)2BiH
jk
l (15)(∂
µM in)M
l
j(∂µM
n
k ) + d
′′(15)3BiH
jk
l (15)M
i
n(∂
µM lj)(∂µM
n
k ) .
Expanding the above, we obtain the expressions for αi in the following.
α1
m2B
= − c′(6)2 + c′(15)1
α2
m2B
= b′(3)2 + b
′(3)3 + c
′(3)2 + a
′(6)2 + a
′(6)3 + b
′(6)2 − c′(6)2 − d′(6)3
+3a′(15)2 + 3a
′(15)3 + 3b
′(15)2 + 3c
′(15)2 + 3d
′(15)3 − 2c′(15)3
α3
m2B
=
1
2
{[2b′(3)1 + c′(3)1 + 2a′(6)1 + b′(6)3 − d′(6)2
+6a′(15)1 + 3b
′(15)3 + c
′(15)1 − c′(15)2 + 3d′(15)2]
+[b′(3)2 + b
′(3)3 + c
′(3)3 + a
′(6)2 + a
′(6)3 + b
′(6)1 − c′(6)1 − c′(6)3
−d′(6)1 + 3a′(15)2 + 3a′(15)3 + 3b′(15)1 − c′(15)2 + 3c′(15)3 + 3d′(15)1]}
α4
m2B
= c′′(6)2 − c′′(15)3
α5
m2B
= b′′(3)1 + b
′′(3)2 + c
′′(3)2 + a
′′(6)1 + a
′′(6)2 + b
′′(6)2 − c′′(6)2
−d′′(6)1 + 3a′′(15)1 + 3a′′(15)2 + 3b′′(15)2 − 2c′′(15)1 + 3c′′(15)2 + 3d′′(15)1
α6
m2B
=
1
2
{[2b′′(3)3 + c′′(3)3 + 2a′′(6)3 + b′′(6)1 − d′′(6)2
+6a′′(15)3 + 3b
′′(15)1 + c
′′(15)3 − c′′(15)2 + 3d′′(15)2]
+[b′′(3)1 + b
′′(3)2 + c
′′(3)1 + a
′′(6)1 + a
′′(6)2 + b
′′(6)3 − c′′(6)1 − c′′(6)3
−d′′(6)3 + 3a′′(15)1 + 3a′′(15)2 + 3b′′(15)3 + 3c′′(15)1 − c′′(15)2 + 3d′′(15)3]}
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